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Abstract— A unified framework for combining datasets of
similar signals in order to increase the SNR of the output
is formulated and solutions to the arising problems of signal
alignment and weight assignment, are proposed. The signal
alignment problem is formulated as a combinatorial optimization
problem and an approximate solution is proposed by using the
technique of SDP relaxation. On the other hand, the weight
assignment problem requires the solution of a quadratic max-
imization problem which in the vast majority of cases has an
analytical solution, while in more challenging noise conditions
can be approximately solved via SDP relaxation. The greatest
advantage of the proposed technique lies in its ability to obtain
very robust and accurate estimations of the pairwise time delays
between the signals. This makes it suitable for a variety of
applications requiring time delay estimation, signal enhancement,
or both. The superior performance of the technique compared
to other similar approaches is demonstrated through a number
of numerical simulations with several signal and noise models.

I. INTRODUCTION

Datasets of similar signals occur mainly under two scenar-
ios. Either when the signal from a single source is recorded
by several similar and closely spaced sensors, or when signals
from several similar and closely spaced sources are recorded
by a single sensor. Applications involving sensor arrays are
the most pronounced examples of the first scenario, while
seismic relocation procedures involving the analysis of seismic
clusters (that is, groups of similar events), constitute prime
representatives of the second scenario. In both cases we are
dealing with datasets of similar signals, that are however
recorded with unknown delays, and corrupted by noise of
unknown statistics.

The process of aligning (by estimating the individual time
delays) and combining, (i.e., averaging) the input signals in
order to produce a higher quality output with enhanced signal-
to-noise ratio (SNR) is generally known as beamforming. The
increasing use of sensor arrays in several fields including wire-
less communication, radar, sonar, speech processing, seismic
prospecting, medical imaging, surveillance, and others, has
turned beamforming into a topic of intensive and ongoing
research.

The specific solution to the problem of beamforming de-
pends on the assumptions that can be made regarding the
placement of the sensors, the characteristics of the recorded
signals, as well as the statistical properties of the noise. There
is an extensive literature treating the problem of beamforming

under the scenario of narrowband signals and precisely [1]–[5]
or imprecisely [6]–[9] known sensor location and responses.

In case the information regarding the characteristics of
the array is (totally or partially) missing, the beamforming
problem is referred to as blind beamforming. The majority
of techniques that have been proposed for the solution of
the blind beamforming problem make specific assumptions
regarding the nature of the recorded signals and/or the statis-
tical properties of the noise. The constant modulus algorithms
(CMA) [10], [11] and the higher order statistics (HOS) meth-
ods [12]–[15] belong to this category of blind beamforming
techniques.

In this manuscript, we treat blind beamforming in its most
general form, as defined in [16]. We do not make assumption
regarding sensor placement, specific signal features, or specific
noise models. We only assume a dataset of similar (but not
necessarily identical) signals, recorded with unknown delays,
and corrupted by uncorrelated noise. Also, it is implicitly
assumed that the dataset consists of signals from a single
source, or at least a dominant one, i.e. a source whose signal
is the strongest in the data set.

The goal of the proposed technique is to obtain an enhanced
representative of the dataset, that is, a combined output that
retains the signal information of the input and attenuates the
noise content. More formally, the problem at hand consists
of the estimation of the time shifts (delays) that yield the best
possible joint alignment of the signals, and of the non-negative
weights that must be applied to the aligned signals, so that the
SNR of their weighted sum is maximized.

The proposed beamforming framework is especially appli-
cable in conditions where exact knowledge and control over
the input is missing, as is it the case, for example, with
seismic arrays and seismological datasets in general [17]–[19].
Particularly in reflection seismology, the problem at hand can
be considered as a generalization of what is referred to as
optimal stacking [20]–[22]. The generalization occurs because
in typical stacking procedures the signals are considered
identical (apart from amplitude scaling) and perfectly aligned,
with the optimization being targeted exclusively towards the
weights.

The remaining of this manuscript is organized as follows.
In Section II we present several useful quantities and notation
remarks. In Section III we present a general formulation of
the problem at hand and subsequently, in Section IV, we give
an outline of the proposed blind beamforming technique. In
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Sections V and VI the proposed solutions to the ensuing prob-
lems of signal alignment and weight assignment, respectively,
are presented and in detail. In Section VII we present an
outline of the proposed algorithm and hold a brief discussion
regarding the estimation of the required parameters. Section
VIII contains our simulation results. Section IX contains our
conclusions and finally, the mathematical proofs are presented
in Appendices A-E.

II. DEFINITIONS

Available dataset: Let xi(n) denote a collection of M time
series, defined as follows:

xi(n) = si(n) + wi(n),

n = 0, 1, . . . , N − 1, i = 1, . . . ,M,
(1)

where si(n), wi(n) denote the i-th signal and i-th noise pro-
cess, respectively. The involved noise processes are assumed
white, and jointly uncorrelated. The variance of the i−th noise
process is denoted as σ2

i .
Correlation and signal alignment: The signal correlation

function

rij(κ) ,
1

N

N−1∑
n=0

si(n)sj(n+ κ), (2)

quantifies the alignment quality between signals si(n), sj(n),
at a time lag equal to κ samples. Thus, if we define

κmax
ij = argmax

κ
rij(κ), (3)

rmax
ij = max

κ
rij(κ) = rij(κ

max
ij ), (4)

the (i, j)-th signal pair is optimally aligned when si(n) is
delayed by κmax

ij samples relative to sj(n).
In this sense, if there exists a set τ∗1 , . . . , τ

∗
M of time-delays

so that:
τ∗i − τ∗j = κmax

ij , ∀ 1 ≤ i, j ≤M, (5)

then, delaying si(n) by τ∗i samples, for i = 1, . . . ,M , we
obtain a delayed version of the dataset, where an optimal
alignment has been reached for all possible signal pairs. We
will refer to this condition, as a jointly optimal alignment of
the signals.

Matrices: The standard inner-product 〈X,Y 〉 of two m×n
matrices X , Y is defined as follows:

〈X,Y 〉 =

m∑
p=1

n∑
q=1

(X)pq(Y )pq, (6)

where (X)pq denotes the element at the p-th row and q-th
column of X .

We will use X ≥ 0(> 0) in order to denote non-negative
(positive) matrices, namely matrices whose elements are non-
negative (positive). On the other hand, positive semi-definite
matrices will be denoted as X � 0.

Finally, we state the following property of non-negative
matrices, which is due to the Perron-Frobenius theorem [23]:

X ≥ 0(> 0)⇒ ξmax(X) ≥ 0(> 0), (7)

where ξmax(X) denotes the eigenvector corresponding to the
largest eigenvalue of X .

III. PROBLEM FORMULATION

Let τ = [τ1, . . . , τM ]t, γ = [γ1, . . . , γM ]T denote an
array of time-delays and an array of non-negative weights,
respectively, and let ȳ(n;γ, τ ) be defined as the weighted
average of the delayed version of the available dataset, namely:

ȳ(n;γ, τ ) ,
M∑
i=1

γixi(n− τi). (8)

If we denote as snrȳ(γ, τ ) the SNR of ȳ(n;γ, τ ), the
problem at hand is finding the optimal γ,τ , so that snrȳ(γ, τ )
is maximized, i.e.:

max
γ,τ

snrȳ(γ, τ ), s.t. γ ≥ 0. (9)

In the following sections we first state the two fundamental
subproblems that arise from the general problem defined in
Eq. (9) and subsequently, we present in detail the methodology
used for their solution.

IV. OUTLINE OF THE PROPOSED SOLUTION

After some simple mathematical manipulations and by
taking into account the assumed stationarity of the involved
processes, the SNR of ȳ(n;γ, τ ), can be expressed compactly
as follows:

snrȳ(γ, τ ) =
γTR(τ )γ

γTΣγ
, (10)

where R(τ ), Σ, are the signal correlation and noise covariance
matrices, respectively. More specifically, the (i, j)-th element
of R(τ ) equals rij(τi − τj), while Σ is a diagonal matrix
having σ2

i in its i-th diagonal position. R(τ ) summarizes
the achieved alignment quality when the dataset is delayed
according to the entries of τ .

As it can be seen from Eq. (10), if there exists an array τ ∗ =
[τ∗1 , . . . , τ

∗
M ]T that satisfies (5), then τ ∗ maximizes snrȳ(γ, τ )

with respect to τ , regardless of the value of γ ≥ 0. In this
case, a jointly optimal alignment of the signals can be reached
and problem (9) becomes separable.

In the general case, a solution of (9) can be obtained via
an iterative scheme of alternating optimizations over the two
sets of parameters. This approach yields the following two
maximization problems:
P1: Signal alignment. For a fixed γ, the time-delays that

maximize the SNR of ȳ(n) are the ones that maximize the
numerator of Eq. (10), or equivalently, solve the following
problem (note that the diagonal elements of R(τ ) are
independent of τ ):

max
τ

M∑
i=1

M∑
j=1
j 6=i

γiγjrij(τi − τj), (11)

which constitutes the signal alignment problem. It should
be noticed that since any global shift of the time series has
no effect on the pairwise alignment of the signals, there
are (theoretically) infinitely many solutions for problem
(11). In other words, if τ solves (11), then the same holds
for any τ+c1, c ∈ <, where 1 denotes the all-ones vector.
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P2: Weight assignment. For a given τ (that is, for a given
alignment of the signals), the weights that must be used
in the averaging process in order to maximize the SNR
of ȳ(n), are obtained from the solution of the following
constrained optimization problem:

max
γ≥0

γTR(τ )γ

γTΣγ
. (12)

We will refer to this as the weight assignment problem.
As it is obvious from their definitions, P1 and P2 are non-

convex, NP-hard problems, meaning that in the general case,
closed form solutions are not possible. However, by using the
available knowledge, which is summarized in the correlation
sequences rij(κ) and the noise covariance matrix Σ, we are
going to show that approximate solutions for these problems
can be found. We then suggest ways to combine these solutions
for an ultimate solution of (9).

Finally, we note that the estimation of the required data-
related quantities is treated separately in Section VII-A.

V. SOLVING THE SIGNAL ALIGNMENT PROBLEM

A. A filtering-based reformulation
Let hi = [hi,0, . . . , hi,(L−1)]

T , i = 1, . . . ,M denote M
filters of length L that are defined as follows:

hi,n =

{
γi, n = τi
0, n 6= τi

, γi > 0, 0 ≤ n ≤ L− 1, (13)

where 0 ≤ τi ≤ L− 1. In other words, each filter has a single
non-zero coefficient. For hi, this coefficient equals γi > 0 1

and it is located at the τi-th position. Finally, we assume that
L is greater than the greatest pairwise time-difference of the
signals, i.e.:

L ≥ max
1≤i,j≤M

|κmax
ij |, (14)

where κmax
ij was defined in Eq. (3).

Let also si(n), i = 1, . . . ,M denote a signal array of length
L, defined as follows:

si(n) = [si(n), si(n− 1), . . . , si(n− L+ 1)]T . (15)

Then, we can write:

si(n) ∗ hi,n = hTi si(n) = γis(n− τi), (16)

meaning that the summation terms in Eq. (11) can be expressed
as follows:

γiγjrij(τi − τj) = hTi Rijhj , (17)

where

Rij =

N−1∑
n=0

si(n)sTj (n), (18)

is an L × L Toeplitz matrix whose (p, q)-th element equals
rij(p− q). Thus, if we define

R =


0 R12 · · · R1M

R21 0 · · · R2M

...
...

. . .
...

RM1 RM2 · · · 0

 , h =


h1

h2

...
hM

 , (19)

1Since, for γi = 0 the i-th signal will be discarded in the averaging process
(thus rendering its alignment to the other signals irrelevant), for simplicity and
without loss of generality, we only treat the case where γi is strictly positive.

then, problem (11) can be equivalently rewritten as follows:

max
h

hTRh (20)

s.t. hi satisfies (13), 1 ≤ i ≤M. (21)

Thus, for a given set of γi’s, the signal alignment problem
as formulated in (20)-(21), seeks for the optimal placement
of the non-zero coefficient in each hi, so that the quadratic
form in Eq. (20) is maximized. This is of course a problem
of combinatorial complexity.

A very useful property whose importance will become
shortly apparent is stated in the following proposition.

Proposition 1: Condition (13) is equivalent to the combination
of the following three constraints:

hTi hi = γ2
i , (hTi 1)2 = γ2

i , hi ≥ 0, (22)

where 1 denotes the all-ones vector of length L.
Proof: For a proof of Proposition 1, see Appendix A.

Using the equivalence of the constraints, we can reformulate
the alignment problem as follows:

max
h

hTRh, (23)

s.t. hTi hi = γ2
i , 1 ≤ i ≤M, (24)

(hTi 1)2 = γ2
i , 1 ≤ i ≤M, (25)

h ≥ 0. (26)

Due to the non-convex equality constraints (24), problem
(23)-(26) is still NP-hard. Nevertheless, it presents us with a
path towards an approximate solution via the SDP relaxation
technique [24], as we are going to see shortly. In order to
apply this technique, we first need to transform the quadratic
maximization problem (23)-(26) into an equivalent trace max-
imization problem.

To this end, let us state the following equivalent expressions:

hTRh = trace(RhhT ) = trace(RH), (27)

hTi hi = trace(hih
T
i ) = trace(Hii), (28)

(hTi 1)2 = 1Thih
T
i 1 = 1THii1, (29)

where H = hhT is a rank-one, LM ×LM matrix consisting
of M2 L× L blocks, arranged as follows:

H =


H11 H12 · · · H1M

HT
12 H22 · · · H2M

...
...

. . .
...

HT
1M HT

2M · · · HMM

 , (30)

so that Hij = hih
T
j . Note finally that if H is non-negative,

i.e. H ≥ 0, then h can always be chosen non-negative, i.e.
h ≥ 0.

By using (27)-(30), the original version of the signal
alignment problem can be formulated as the following trace
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maximization problem:

φ∗o = max
H

trace(RH), (31)

s.t. trace(Hii) = γ2
i , 1 ≤ i ≤M, (32)

1THii1 = γ2
i , 1 ≤ i ≤M, (33)

H ≥ 0 (34)
rank(H) = 1. (35)

The only non-convex constraint in (31)-(35) is the rank-one
constraint (35), since all other constraints and the objective
function are linear in H. By applying the SDP relaxation
technique we drop the non-convex constraint (35) and replace
it with H � 0, which is convex. Thus, the relaxed version of
(31)-(35) takes the following form:

φ∗r = max
H

trace(RH), (36)

s.t. trace(Hii) = γ2
i , 1 ≤ i ≤M, (37)

1THii1 = γ2
i , 1 ≤ i ≤M, (38)

H ≥ 0, (39)
H � 0, (40)

which constitutes a semi-definite program with variable H ∈
<LM×LM .

B. The effect of relaxation

In this subsection we compare the solutions that are obtained
by solving the original and the relaxed versions of the problem.
More specifically, our goal is to investigate the properties of
matrix H under the rank-one and the positive semi-definite
constraints, respectively. To this end, the following analytic
expression of trace(RH) as a function of the off-diagonal
blocks of H:

trace(RH) = 〈R,H〉 =

M∑
i=1

M∑
j=1
j 6=i

〈Rij , Hij〉, (41)

where 〈X,Y 〉 denotes the inner product of matrices X , Y ,
will prove itself very helpful, as we are going to see. Let us
now discriminate between the two versions of the problem.

Original problem: In the original problem, constraints
(32)-(34) impose diagonality on the diagonal blocks Hii of
the solution H. Combined with the rank-one constraint, this
yields the condition that every diagonal block of H has a single
non-zero element, equal to γ2

i and placed in its main diagonal.
Thus, if γ2

i is located at the (pi, pi)-th location of Hii, due
to the rank-one constraint, each off-diagonal block Hij has
also a single non-zero element, equal to γiγj and placed at
the (pi, pj)-th location, with 1 ≤ pi, qj ≤ L, 1 ≤ i, j ≤ M .
Thus, by taking into account that the (pi, pj)-th element of
Rij equals rij(pi − pj), we can write:

〈Rij , Hij〉 = γiγjrij(pi − pj). (42)

Consequently, the goal of the original problem is to place
the single non-zero element of Hij , in a location that corre-
sponds to the largest possible value of Rij (for all 1 ≤ i, j ≤
M ), while ensuring the rank-one requirement of H.

Note also that, since all Rij’s are Toeplitz matrices, by
adding the same integer c to all pi’s we obtain a different,
equivalent solution for (32)-(34). This is because global trans-
lations of the pi’s shift uniformly the locations of the non-zero
elements of H, without affecting the diagonals that the non-
zero elements are placed at (since, pi+c−(pj+c) = pi−pj).

Relaxed problem: As it was the case with the original
problem, constraints (37)-(39) impose diagonality on the diag-
onal blocks Hii of the solution H. However, since the rank-one
constraint is relaxed, there is no limitation on the number of
the non-zero elements that can be placed on the main diagonal
of each Hii. This, in turn, means that the number of the non-
zero elements of the off-diagonal blocks Hij is not restricted
either.

Nevertheless, a crucial feature that the relaxed solution
inherits from the original one, is the following: while in the
original solution the single non-zero element in every Hij

equals γiγj , in the relaxed solution it holds ΣHij
≤ γiγj ,

where ΣHij denotes the sum of the elements of Hij . This
is due to the diagonality of the diagonal blocks of H and
results from the application of Proposition 2. Combining this
fact with the non-negativity of H, leads to the conclusion that
the relaxed problem has a natural tendency towards sparse
solutions, as shown by Proposition 3.

Specifically, by taking into account Proposition 3, the ob-
jective of the relaxed problem can be expressed as the problem
of concentrating the maximum permitted value of ΣHij

, i.e.,
γiγj , to the fewest possible diagonals of Hij (corresponding
to the largest possible correlation values), while ensuring the
positive definiteness of H.

When this goal is achieved to its fullest, namely when every
Hij has a single non-zero diagonal, then the relaxed solution
assumes a specific structure that ensures its equivalence to
the original solution, as it proven in Lemma 1. Additionally,
Lemma 2 informs us that a sufficient (but not necessary) condi-
tion for such an equivalence is the ability of the (noisy) signals
to become jointly optimally aligned (namely, the existence of
delays that satisfy Eq. (5)).

In the general case, the sparsity of H depends on the
structure of R (and more specifically, on the placement of the
correlation values along the diagonals of the Rij’s), which, in
turn, depends on the nature of the involved signals. It could
be said that, the higher the similarity of the (noisy) signals,
the better the joint alignment that can be achieved. Thus, the
higher the similarity of the signals, the sparser the solution of
the relaxed problem (measured by the non-zero diagonals of
Hij) and consequently, the closer it is to the solution of the
original problem.

Finally, it must be stressed that in our experience, H
retains its sparsity characteristic (thus ensuring the solution
of the original problem) even under very unfavourable noise
conditions, provided that the underlying signals share a similar
enough structure. The example of Fig. 1 constitutes such a
case.

A mathematical analysis follows.
Analysis: Since the solution of the relaxed problem, H, is

positive semi-definite, the same must hold for all its principal
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sub-matrices, including the following ones:

Hij =

[
Hii Hij

HT
ij Hjj

]
, 1 ≤ i, j ≤M, i 6= j, (43)

which yields the following necessary conditions:

(Hij)pq ≤
√

(Hii)pp(Hjj)qq ≤ γiγj , (44)

ΣHij
≤
√

ΣHii
ΣHjj

= γiγj , (45)

where ΣX denotes the sum of the elements of matrix X . Eq.
(44) represents a well-known property of positive semi-definite
matrices, while (45) results from Proposition 2 that follows and
by taking into account constraint (38).
Proposition 2: Let Y be a k×k positive semi-definite matrix
presented in the following 2× 2 block-symmetric form:

Y =

[
A B
BT C

]
, (46)

where A, C, are square matrices of dimensions k1×k1, k2×k2,
respectively, while B is a matrix of size k1×k2, with k1+k2 =
k. Let also ΣX denote the sum of the elements of matrix X .
Then, the following relations hold:

ΣA ≥ 0, ΣC ≥ 0, (47)

|ΣB | ≤
√

ΣAΣC . (48)

Proof: For a proof of Proposition 2, see Appendix B.
As we it can be seen from Eqs. (44), (45), under constraints
(37)-(40), the sum of all the elements of Hij is bounded by
γiγj , as is every element of Hij separately. Since the elements
of Hij are non-negative, this leaves (45) as the only necessary
condition.

Thus, the total sum ΣHij
can theoretically be distributed to

arbitrarily few elements of Hij (even to a single one) without
violating Eq. (44). Equivalently, ΣHij can theoretically reach
its maximum (namely, γiγj) regardless of the number of non-
zero elements of Hij (provided there is at least one). This is a
key feature of the solution of the relaxed problem that results
from the diagonality of the diagonal blocks of H, and yields
the following important properties:
Proposition 3: Under necessary condition (45),

a) for every Hij with n non-zero diagonals there exists an
H ′ij with m non-zero diagonals, where 1 ≤ m < n,
so that 〈Rij , H ′ij〉 ≥ 〈Rij , Hij〉, with strict inequality
holding if the involved correlation values are unique.

b) it holds:
〈Rij , Hij〉 ≤ ΣHijr

max
ij , (49)

with equality being reached if and only if Hij is non-zero
only along its κmax

ij -th diagonal,
Proof: For a proof of Proposition 3, see Appendix C.

Proposition 3 provides the main reason behind the sparsity of
the relaxed solution in the general case. On the other hand,
Lemma 1 states the specific sparsity requirement that ensures
the equivalence between the solutions of the relaxed and the
original problem.

Lemma 1: The solution H of the relaxed problem is equivalent
to the solution of the original problem if and only if the
following conditions hold:
C1: Every off diagonal block Hij of H has exactly one non-

zero diagonal,
C2: Eq. (45) holds with equality.

Proof: For a proof of Lemma 1, see Appendix D.
As shown in Appendix D, if conditions C1, C2 are satisfied,
then H assumes a specific structure (see the example of
Fig.1(b) for a visual reverence) and can be written as a convex
combination of rank-one matrices that constitute equivalent
optimal solutions for the original problem. Specifically, every
eigenvector of H provides an optimal solution for the original
problem.

Finally, Lemma 2 informs us that the equivalence between
the solutions of the relaxed and the original problem is always
ensured if the involved signals can become jointly optimally
aligned.
Lemma 2: The validity of conditions C1, C2 stated in Lemma
1 is always ensured if the involved signals can become jointly
optimally aligned, that is, if there exists a set of time-delays
τ∗1 , . . . , τ

∗
M that satisfy Eq. (5).

Proof: For a proof of Lemma 2, see Appendix E.
As shown in Appendix E, the existence of time-delays that
satisfy Eq. (5) ensures that every Hij has non-zero values
only along its κmax

ij -th diagonal, namely the diagonal that
corresponds to the maximum correlation value.

C. Estimating τ from the solution of the relaxed problem

Let H be the solution of the relaxed problem and let ĥ =

ξmax(H), where ĥ = [ĥ
T

1 · · · ĥ
T

M ]T , ĥi is a L × 1 vector
and ξmax(H) denotes the eigenvector that corresponds to the
largest eigenvalue of H.

If H satisfies the conditions of Lemma 1, then ĥĥT solves
the original problem (31)-(35), meaning that every ĥi has a
single non-zero (positive) element. In this case, the loci of the
positive elements produce the set of time-delays that solve the
signal alignment problem.

If this is not the case, then ĥĥT represents the best, in
the Frobenius sense, rank-one approximation of H. Moreover,
ĥ is non-negative since H is non-negative (see Eq. (7)).
Although there is no restriction on the number of the non-zero
elements in each filter, typically ĥi is a sparse vector with a
dominant positive element. The reasons behind the sparsity of
the relaxed solution are discussed in Section V-B.

In any case, an estimate of the time-delays that lead to
the optimal joint alignment of the signals, can be obtained
as follows:

τ̂i = argmax
0≤n≤L−1

ĥi,n, (50)

where τ̂i, ĥi,n denote the elements of τ̂ , ĥi, respectively.

D. Computational complexity and over-relaxation

Although it is polynomially solvable, problem (36)-(40) is
still computationally intensive. The main factor contributing to
its complexity lies in Eq. (39) which introduces LM(LM −
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Fig. 1: (a) A synthetic dataset of M = 7 signals in their pure and aligned form (bottom) and after the introduction of random delays in
the range [−10, 10] samples, plus the addition of AR-modelled noise for an individual SNR of −5 dB (top). The results obtained from
the application of the proposed blind beamforming technique with a filter length of L = 20, are shown in the middle plot. The aligned
signals are shown in grey, while the obtained average, in red. (b) The solution of the relaxed problem is a ML×ML = 140× 140 matrix
containing M2 = 49 blocks of size 20× 20 (= L×L). Non-zero elements are shown in shades of grey, while zero elements, in white (the
grid lines have been added as visual guidelines). In this case, every block of H has exactly one non-zero diagonal, without this diagonal
being the κmax

ij -th one in every Hij . This means that the solution of the original alignment problem has been achieved, although a jointly
optimal alignment of the (noisy) signals is not possible.

1)/2 inequality constraints to the problem. As a result, (36)-
(40) can become impractical for large filter lengths, namely,
for large values of L (e.g. for L > 25). This depends of course
on the number of signals as well (namely, M ), which, however,
is not a parameter of the problem.

Since L needs to be greater than the greatest pairwise time-
difference of the signals, in cases where the signals can be
separated by large time intervals, we propose solving the
following version of the problem:

φ∗rr = max
H

trace(R+H), (51)

s.t. trace(Hii) = γ2
i , 1 ≤ i ≤M, (52)

1THii1 = γ2
i , 1 ≤ i ≤M, (53)

Hii ≥ 0, 1 ≤ i ≤M, (54)
H � 0, (55)

where, R+ retains only the non-negative values of R (the rest
are set to 0).

As it can be seen in Eq. (54), the non-negativity constraint
is applied to the diagonal blocks of H (thus preserving
their diagonality), but not to the off-diagonal ones (which
is compensated to a certain extent by the non-negativity of
R+). This reduces the non-negativity constraints by a factor
of M and ultimately speeds-up the solution by several orders
of magnitude.

In our experience, (51)-(55) retains the robustness of (36)-
(40), but trades off a slight degradation in accuracy for a
substantial gain in execution time. Thus, although (51)-(55)
has a very satisfactory performance in its own, the best
possible results are obtained by using it in conjunction with
(36)-(40), in order to improve the accuracy of the solution.
Under this scenario, we would first obtain an alignment of the
signals using (51)-(55) with a large L (namely, greater than the

maximum expected pairwise time-difference of the signals),
and then we would fine-tune the results by using (36)-(40)
with a small L (e.g., no more than 10 samples).

VI. THE OPTIMAL WEIGHTS

As it is obvious from Eq. (10), for a given τ , snrȳ(γ)
constitutes a generalized Rayleigh quotient, meaning that the
following holds:

snrȳ(γ) ≤ λmax(Q), (56)

with equality being reached for

γmax = Σ−1/2ξmax(Q), (57)

where Q = Σ−1/2R(τ ) Σ−1/2. Thus, if γmax has non-
negative elements, that is, if γmax ≥ 0, then γmax solves
problem (12). If this is not the case, then, as we did with
the alignment problem, we can relax (12) into the following
semi-definite program with variable Γ ∈ <M×M :

max
Γ

trace(QΓ), (58)

s.t. trace(Γ) = 1, (59)
Γ ≥ 0, (60)
Γ � 0. (61)

The optimal weights are then estimated as

γ̂ = Σ−1/2ξmax(Γ). (62)

Two crucial points have to be made. Firstly, since the estima-
tion of γ succeeds the alignment of the signals, it is reasonable
to expect that in the vast majority of cases, the correlation ma-
trix R(τ ) will be non-negative, which is a sufficient condition
for γmax ≥ 0 to hold. In fact, in the numerous experiments that
we conducted, there were only a handful of very problematic
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cases which required the relaxed formulation (58)-(61) for the
estimation of the weights. Secondly, it seems that (58)-(61)
constitutes an equivalent formulation of (12) rather than its
relaxation (namely, (58)-(61) has always a rank-one solution),
although we have not been able to prove such a claim, nor
have we found an analogous proof in the literature. We can
only state that throughout our experiments involving (58)-(61)
we were not able to find an example that contradicts this claim.
The outline of the proposed algorithm follows.

VII. ALGORITHM

Algorithm 1 SDP-based blind beamforming

1: procedure SDPBB
2: Estimate correlation functions, noise variances and L.
3: Set γ = 1.
4: Solve (51)-(55) and estimate initial τ .
5: repeat
6: Update L.
7: Solve (36)-(40) and estimate τ .
8: Calculate R(τ ) and update γ.
9: until The change in τ becomes insignificant.

10: Return τ , γ.
11: end procedure

Parameter estimation is discussed in Secrion VII-A, while
τ , γ, are estimated by using Eqs. (50), (57) (or (58)-(62)),
respectively. In step 6, the filter length is updated so that it
reflects the current alignment (that, is the current maximum
pairwise time-delay) of the signals. We note also that, whether
the estimation of τ in steps 4, 7, is going to be based on
the solution of the relaxed or the over-relaxed versions of the
alignment problem, depends on the nature of the signals, the
requirements of the application, as well as on the available
(computational) resources. We present what in our opinion
seems the most computationally effective approach that does
not sacrifice estimation accuracy.

As it is clear, initially the signals are aligned having been
assigned equal weights. If an optimal (joint) alignment is
reached, then the algorithm stops after the first iteration (in
this case problem (9) is separable). Otherwise, it re-iterates
by giving greater importance to signals with lager weights.
Typically, no more than 2-3 iterations are needed.

A. Parameter Estimation
Three data-related quantities are required by the proposed

technique, namely, the signal correlation functions rij(κ), the
filter length L and the noise variances σ2

i .
Firstly, we assume that the noise variance are given or can

be estimated from “quiet” intervals of the data. Since the
noise processes are assumed white and jointly uncorrelated,
the signal correlation functions rij(κ) can be estimated from
the available samples as follows: r̂ij(κ) = rxij(κ), i 6= j,
r̂ii(κ) = rxii(κ)− σ2

i , 1 ≤ i, j ≤M , where rxij(κ) denotes the
pairwise correlation functions of the available noisy data:

rxij(κ) =
1

N

N−1∑
n=0

xi(n)xj(n+ κ) ≈ rij(κ) + E[wi(n)wj(n)].

Finally, since the filter length must be larger that the largest
time separation of the signals, an indication for the value of
L can be obtained by the maximum of the lags that maximize
the pairwise correlation functions r̂ij(κ), namely the quantity
maxij | argmaxκ r̂ij(κ)|.

VIII. SIMULATION RESULTS

This section contains the most representative cases of the
numerous simulation experiments that were conducted, with
various signal/noise model combinations. Regarding noise,
the results for two “extreme” cases are shown. The first
one concerns additive white Gaussian noise (AWGN), which
represents the most favourable noise scenario and it is included
as a “control sample”. The second noise scenario concerns an
first-order AR process with a pole of magnitude 0.8, that is
used to test the performance of the proposed method in more
realistic cases of highly correlated noise.

On the other hand, the synthetic signals (namely si(n) in Eq.
(1)) were modelled as low-pass filtered white Gaussian noise.
The corner frequency of the filter was set at 10Hz, and the
sampling frequency at 100Hz. In order to control the degree
of similarity among the signals of the dataset (in their pure
noiseless form), the M signals were produced by M different
filters. Each filter occurred by adding a random perturbation of
a controlled magnitude to a common low-pass filter prototype.
Finally, in order to construct the synthetic dataset, every signal
was delayed by an arbitrary amount (within specified limits)
and multiplied by a constant gain in order to achieve the
desired SNR.

The performance of the proposed method is compared
against two other techniques that share the same assumptions
with the proposed one (see also Section I). More specifically,
the first one is the technique proposed in [17] for jointly
aligning waveforms of closely spaced seismic events with the
purpose of improving phase arrival estimates. The author of
[17] estimates the pairwise lags that maximize the respective
cross-correlation functions (namely, the quantities κmax

ij de-
fined in (3)) and seeks for a set of time-delays τ∗1 , . . . , τ

∗
M

that minimizes the error between the theoretical optimal lag,
namely τ∗i − τ∗j and the observed one, namely κ̂max

ij , for all
possible signal pairs. This leads to an overdetermined system
of M(M−1)/2 equations with M unknowns. An approximate
solution is obtained by minimizing the L1-norm of the residual
vector. The second technique included in our comparisons is
the blind beamforming technique proposed in [16]. In this
case the desired time-delays are obtained via the maximal
eigenvector of a correlation matrix which is identical to the
matrix R defined in (19), with the exception that the diagonal
blocks of the matrix used in [16] contain the autocorrelation
matrices of the M signals, rather than being empty.

Finally, it must be stressed that all included results are
focused on the signal alignment aspect of the problem rather
than on the weight assignment one. This is because on the one
hand, the solution of the signal alignment problem constitutes
the main contribution of the manuscript and on the other, the
solution to the weighting problem is obtained in a closed form
and it is in total agreement with almost all other beamforming
techniques.
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Experiment I

The goal of the first experiment is to asses the sensitivity of
the proposed alignment technique with respect to the quality
(i.e., the SNR) of the available dataset. To this end, we used
signals with a very high degree of similarity in their pure form
(having pairwise correlation coefficients in the neighbourhood
of 0.9), by limiting the amount of perturbations introduced to
the signal-producing filters. In doing so, we ensured that in
the vast majority of cases, an optimal joint alignment of the
pure noiseless signals could be achieved. In other words, in
the absence of noise the proposed technique would solve the
original alignment problem (11) and we would obtain error-
free estimates. An example of the used signals is shown in the
top diagram of Fig. 3.(c).

We then tested the performance of the technique against
the techniques of [17], [16], under AWGN and AR-modelled
noise scenarios, for several SNR values (in this case, all input
time series shared the same SNR). For every SNR value 100
synthetic datasets were constructed, each containing 15 signals
with arbitrary delays of up to 10 samples from a reference
point (pairwise delays of up to 21 samples) and corrupted by
noise.

We estimated the pairwise delays by using the techniques of
[17] (L1), [16] (MaxEig), the over-relaxed problem (Proposed-
OR) (51)-(55) and the relaxed problem (36)-(40) (Proposed-
R). We then calculated the mean histogram of the estimation
error by averaging the histograms obtained from each dataset.
Finally, from the mean histogram, we obtained the (empirical)
cumulative distribution functions (CDFs) of the error, which
are shown in Fig. 2. The errors are in samples and a point
(x, y) on the curve signifies that the probability of having an
estimation error of at most x samples, is equal to y.

The filter length was set to L = 25 for the first step of
the proposed technique (i.e. for the solution of the proposed
over-relaxed problem), as well as for the technique of [16].
The relaxed problem was solved with a filter length of L = 6
(for a correction of up to ±5 samples), having the solution of
the over-relaxed problem as a starting point.

Although there is not much to differentiate the performance
of the compared techniques under the ideal AWGN scenario,
the advantages of the proposed technique become readily
apparent in the realistic case of the AR-modelled noise, where
it clearly outperforms its rivals. Furthermore, as it can be seen
in the bottom row of Fig. 2, the results of the first experiment
confirm our belief that by solving the efficient over-relaxed
problem (51)-(55) we obtain a very robust initial solution to
the alignment problem, which can then be refined by using
(36)-(40) in order to improve the accuracy of the obtained
estimates.

Experiment II

In the second experiment we evaluated the performance
of the proposed technique in cases where the hypothesis of
signals that can become jointly optimally aligned collapses.
Two scenarios rejecting this hypothesis were tested. In the first
one, we included outliers (that is, irrelevant signals) in every
dataset and assessed the estimation errors regarding the useful

(similar) signals (which were constructed as in Experiment
I). Out of the 15 signals contained in every dataset, 7 were
outliers.

In the second scenario, we lowered the pairwise similarity of
the dataset by increasing the perturbations introduced to the
signal-producing filters. This led to signals having pairwise
correlation coefficients in the neighbourhood of 0.6 in their
pure form (see the bottom diagram of Fig. 3.(c) for an
example). It must be stressed that in the second scenario, due
to the low similarity of the signals, even the total absence
of noise does not ensure error-free estimates (that is, jointly
optimally aligned signals), regardless of the used technique.

The parameters used were identical to the first experiment
and the results obtained for the AR noise case with SNR=
−6 dB are shown in Fig. 3. Although there is an apparent
drop in the performance of all used techniques (see also Fig.
2.(f) in comparison), especially in the case of low-similarity
signals (as it was expected), the proposed technique manages
to outperform its rivals by a safe margin.

IX. CONCLUSIONS

Blind beamfroming is formulated as a combination of the
signal alignment and weight assignment problems. The signal
alignment problem is a problem of combinatorial complexity
which is relaxed and approximately solved by using the
technique of SDP relaxation. An efficient over-relaxed version
of the problem is also proposed. On the other hand, the
weight assignment problem leads to a quadratic maximization
problem which in the vast majority of cases has an exact
solution, while in more challenging conditions is solved in an
approximate fashion. The main contribution of the manuscript
is the use of SDP for the solution of the signal alignment
problem, which results in very robust and accurate estimations
of the pairwise time delays between the signals. This makes
it suitable for a great variety of applications that rely in time
delay estimation in order to solve enhancement or localization
problems. The superiority of the proposed technique was
demonstrated through a number of numerical simulations with
various signal/noise combinations.

APPENDIX A. PROOF OF PROPOSITION 1
The equivalence of the constraints can be established as

follows:

(hTi 1)2 =

L−1∑
n=0

L−1∑
m=0

hi,nhi,m (63)

=

L−1∑
n=0

h2
i,n +

L−1∑
n=0

L−1∑
m=0
m6=n

hi,nhi,m. (64)

By combining (22), (64), we have

γ2
i = γ2

i +

L−1∑
n=0

L−1∑
m=0
m6=n

hi,nhi,m, (65)

which yields
L−1∑
n=0

L−1∑
m=0
m6=n

hi,nhi,m = 0. (66)
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Fig. 2: Empirical CDFs of the pairwise time-delay estimation errors obtained by the techniques of [17] (L1), [16] (MaxEig), the
over-relaxed problem (51)-(55) (Proposed-OR) and the relaxed problem (36)-(40) (Proposed-R), respectively, for the scenarios
of white Gaussian noise (top row) and AR-modelled noise (bottom row), in Experiment I.
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a) AR, SNR=−6 dB
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Fig. 3: (a)-(b) Empirical CDFs of the pairwise time-delay estimation errors obtained in Experiment II for the scenarios of (a)
outliers being present and (b) low-similarity datasets, in Experiment II. In both cases the signals were corrupted by AR-modelled
noise with an SNR of −6 dB. (c) Examples of signals with average pairwise correlation coefficient in the neighbourhood of
0.9 (top) and 0.6 (bottom). The presented signals are noiseless and aligned.

It is obvious that under the condition hi ≥ 0, (66) can be
satisfied if and only if hi has at most one nonzero element.
Thus, the combination of the three constraints in Eq. (22)
ensures that hi has exactly one nonzero element, equal to γi,
thereby concluding the proof. �

APPENDIX B. PROOF OF PROPOSITION 2

Since Y is positive semi-definite, then there exists a factor-
ization Y = V V T , for some k× r matrix V , with 1 ≤ r ≤ k.

If V is partitioned as

V =

[
V1

V2

]
, (67)

where the dimensions of V1, V2 are k1×r, k2×r, respectively,
then, A = V1V

T
1 , C = V2V

T
2 , B = V1V

T
2 , thereby
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establishing the following relations:

ΣA = 1TA1 = 1TV1V
T
1 1 = vT1 v1 = ‖v1‖22, (68)

ΣC = 1TC1 = 1TV2V
T
2 1 = vT2 v2 = ‖v2‖22, (69)

ΣB = 1TB1 = 1TV1V
T
2 1 = vT1 v2, (70)

where vi = V Ti 1, i = 1, 2, are r × 1 vectors, ‖ · ‖2 denotes
the Euclidean norm, while 1 denotes the all-ones vector of
compatible length. Then, (68), (69), impose non-negativity on
ΣA, ΣC , respectively, while (48) results from the application
of the Cauchy-Schwarz inequality to the inner product of
vectors v1, v2 and by using (68)-(69). �

APPENDIX C. PROOF OF PROPOSITION 3

a) By taking into account the structure of Rij (see also Eq.
(18)), under the condition that Hij has exactly n non-zero
diagonals, the inner product 〈Rij , Hij〉 can be written as,

〈Rij , Hij〉 =

n∑
m=1

βmrij(κm), (71)

where κ1, . . . , κn, denote the non-zero diagonals of Hij , with
−(2L− 1) ≤ κm ≤ 2L− 1, m = 1, . . . , n, while βm denotes
the sum of the elements along the κm-th diagonal, with βm >
0, m = 1, . . . , n and

∑
m βm = ΣHij

≤ γiγj (since Hij

satisfies condition (45)). Let us now assume without loss of
generality that the correlation values involved in Eq. (71) are
ordered in a descending fashion so that for every 1 ≤ k < l ≤
n we have rij(κk) ≥ rij(κl). Then, we can write:

〈Rij , Hij〉 =

n−1∑
m=1

βmrij(κm) + βnrij(κn) (72)

≤
n−1∑
m=1

βmrij(κm) + βnrij(κn−1) (73)

=

n−1∑
m=1

β′mrij(κm), (74)

= 〈Rij , H ′ij〉 (75)

where β′m = βm, 1 ≤ m < n − 1, β′n−1 = βn−1 + βn.
Thus, if the elements along the κn-th diagonal of Hij are
set to zero and βn is allocated to the elements of the κn−1-
th diagonal, we obtain a new matrix H ′ij with n − 1 non-
zero diagonals that satisfies (45) (since

∑
m β
′
m =

∑
m βm ≤

γiγj), yielding 〈Rij , H ′ij〉 ≥ 〈Rij , Hij〉. Note also that if the
involved correlation values are unique, Eq. (73) holds with
strict inequality. This completes the proof of the first statement
of Proposition 3.

b) Following the notation we used in the first part, we can
write in the general case:

〈Rij , Hij〉 =

2L−1∑
m=1

βmrij(κm) (76)

= β1rij(κ1) +

2L−1∑
m=2

βmrij(κm), (77)

where by definition we have κ1 = κmax
ij , rij(κ1) =

rij(κ
max
ij ) = rmax

ij . Since the sum of all βm’s equals the sum
of the elements of Hij , namely ΣHij

, we can write:

β1 = ΣHij
−

2L−1∑
m=2

βmrij(κm). (78)

Substituting β1 in (77), gives us:

〈Rij , Hij〉 = ΣHij
rmax
ij +

2L−1∑
m=2

βm(rij(κm)− rmax
ij ). (79)

Assuming rij has a unique maximum, the difference inside the
parenthesis on the right-hand side of (79) is always negative.
Thus, since all βm’s are by definition non-negative, 〈Rij , Hij〉
attains its maximum when βm = 0 holds for all 2 ≤ m ≤
2L−1. This means that for every valid value of ΣHij , we can
write

〈Rij , Hij〉 ≤ ΣHij
rmax
ij , (80)

with equality holding if and only if Hij is non-zero only
along its κ1(= κmax

ij )-th diagonal. This completes the proof
of Proposition 3. �

APPENDIX D. PROOF OF LEMMA 1

Since, as already explained in SectionV-B, any feasible
solution for the original problem satisfies conditions C1, C2,
if the solutions of the original and the relaxed problem are
equivalent, then, by definition, the relaxed problem is solved
by a matrix that satisfies C1, C2.

We will now prove that the opposite is also true. To this
end, let H denote the solution of the original problem and let
Hij have non-zero (positive) elements only along its κij-th
diagonal, with −(L− 1) ≤ κij ≤ L− 1. Let also the sum of
the elements of Hij be equal to γiγj .

Without overburdening the notation, let us denote as
(Hij)(p+k)(q+k), k = 0, . . . ,K − 1, with p − q = κij , the
elements along the κij-th diagonal of Hij . Since the κ-th
diagonal of an L × L matrix consists of L − |κ| elements,
we have K = L − |κij |. (As an example, if κij = −2 and
L = 5, the κij-th diagonal of Hij has K = 5−2 = 3 elements,
namely, (Hij)13, (Hij)24, and (Hij)35. In this case, we would
have p = 1, q = 3.)

Then, due to the positive semi-definiteness of H (and
especially of Hij defined in (43)), the following must hold
for all 0 ≤ k ≤ K − 1:

(Hij)(p+k)(q+k) ≤
√

(Hii)(p+k)(p+k)(Hjj)(q+k)(q+k). (81)

Additionally, since Hij , Hjj , Hii, contain non-negative ele-
ments and the following are true,

K−1∑
k=0

[
(Hij)(p+k)(q+k)

]
= ΣHij = γiγj , (82)

K−1∑
k=0

[
(Hii)(p+k)(p+k)

]
≤ trace(Hii) = γ2

i , (83)

K−1∑
k=0

[
(Hjj)(q+k)(q+k)

]
≤ trace(Hjj) = γ2

j , (84)
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where (83), (84), are due to constraint (37), we can write:

(Hij)(p+k)(q+k) = αkγiγj , (85)

(Hii)(p+k)(p+k) = ukγ
2
i , (86)

(Hjj)(q+k)(q+k) = vkγ
2
j , (87)

k = 0, . . . ,K − 1, where the coefficients αk, uk, vk, satisfy
the following conditions, respectively:

αk ≥ 0,

K−1∑
k=0

αk = 1, (88)

uk ≥ 0,

K−1∑
k=0

uk ≤ 1, (89)

vk ≥ 0,

K−1∑
k=0

vk ≤ 1. (90)

Thus, substituting (85), (86), (87) into (81), we obtain:

αkγiγj ≤
√
ukvkγ2

i γ
2
j ⇒ αk ≤

√
vkuk. (91)

We are now going to prove that Eqs. (88)-(91), yield the
following condition:

αk = uk = vk, k = 0, . . . ,K − 1. (92)

To this end, let u, v, be the vectors whose elements are√
uk,
√
vk, respectively, for k = 0, . . . ,K − 1. Then, due

to (89), (90), we can write ‖u‖2 ≤ 1, ‖v‖2 ≤ 1, respectively.
Moreover, we have

K−1∑
k=0

√
ukvk = uTv ≤ ‖u‖2‖v‖2 ≤ 1, (93)

with the last inequality holding due to (89)-(90). On the other
hand, using (88), (91), the following inequality is also true:

K−1∑
k=0

√
ukvk ≥

K−1∑
k=0

αk = 1, (94)

It is obvious that (93), (94), can both be valid if and only if
all the involved inequalities hold with equality, which occurs
only when ‖u‖2 = ‖v‖2 = 1, u = v, and (91) holds with
equality for all k = 0, . . . ,K − 1. This proves (92).

Additionally, since (92) must hold for all 1 ≤ i, j ≤M , the
following statements can be proved by induction:

1) The sequence α0, . . . , αK−1 of non-negative coefficients
is identical for all Hij , 1 ≤ i, j ≤M .

2) αk is located at the same row for all the blocks of the
same block-row (i.e., for all Hij , 1 ≤ j ≤M ).

3) αk is located at the same column for all the blocks of
the same block-column (i.e., for all Hij , 1 ≤ i ≤M ).

4) K ≤ L−maxij |κij |.
Statements 1-3 are obtained from the repeated application of
Eq. (92) for all Hij’s, while statement 4 reflects the fact that,
since (due to statement 1) all Hij’s must hold exactly the
same number of non-zero elements along their respective κij-
th diagonal, K cannot exceed the length of the shortest non-
zero diagonal, namely L−maxij |κij |.

Thus, so far we have established that if H solves the
relaxed problem and conditions C1, C2, are satisfied, then
for all 1 ≤ i, j ≤ M , Hij holds α0γiγj , . . . , αK−1γiγj
(possibly accompanied by additional zero elements) in its κij-
th diagonal. All other elements of Hij are equal to zero. See
also Fig.1(b) for a visual reference.

Let us now elaborate on the significance of statements 2,3.
To this end, let pi + k be the row number of αk for all the
blocks of the i-th block-row, with 1 ≤ i ≤M , k = 0, . . . ,K−
1. Similarly, let qj + k be the column number of αk for all
the blocks of the j-th block-column, with 1 ≤ j ≤ M , k =
0, . . . ,K − 1. Then, for all 1 ≤ i, j ≤M , k = 0, . . . ,K − 1,
we have (Hij)(pi+k)(qj+k) = αkγiγj . Moreover, the following
must hold:

pi = qi, (95)
pi − qj = κij , (96)

where (95) is due to the diagonality of the diagonal blocks.
Let us now define hi(k) = [hi,1(k), . . . , hi,L(k)]T , as an

L × 1 vector with a single non-zero element at its pi + k-th
position, namely:

hi,l(k) =

{
γi, l = pi + k
0, l 6= pi + k

, 1 ≤ l ≤ L, (97)

Let also h(k) denote the LM × 1 vector that is obtained by
stacking the M vectors hi(k), for i = 1, . . . ,M . Then, the
following statements can be verified without great difficulty:

5) h(k) is an eigenvector of H, namely:

Hh(k) = αk‖h(k)‖2h(k), k = 1, . . . ,K − 1. (98)

6) h(k)Th(l) = 0 for all 0 ≤ k, l ≤ K − 1 with k 6= l and
the following decomposition of H holds:

H =

K−1∑
k=0

αkh(k)h(k)T . (99)

7) h(k)h(k)T constitutes a feasible solution of the original
problem (31)-(35).

If φ∗r = trace(RH) denotes the maximum of the objective
function under the relaxed constraints, then based on Eq. (99)
and the linearity of the trace, we can write:

φ∗r =

K−1∑
k=0

αk trace
(
Rh(k)h(k)T

)
, (100)

=

K−1∑
k=0

αk

M∑
i=1

M∑
j=1
j 6=i

〈Rijhi(k)hj(k)T 〉, (101)

with,

〈Rijhi(k)hj(k)T 〉 = γiγj(Rij)(pi+k)(pj+k) (102)

= γiγjrij(pi − pj) (103)
= γiγjrij(pi − qj) (104)
= γiγjrij(κij), (105)

where (102) is due to the definition of hi(k) in Eq. (97),
while (103)-(105) result from Eqs. (95), (96). Thus, since
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〈Rijhi(k)hj(k)T 〉 is independent of k, combining (100),
(101), with (88), we can write

φ∗r = trace(RH) = trace
(
Rh(k)h(k)T

)
. (106)

Finally, since h(k)h(k)T constitutes a feasible solution
for the original problem, then we must have φ∗o = φ∗r =
trace

(
Rh(k)h(k)T

)
, where φ∗o denotes the maximum of

the objective function under the original constraints. This is
because by definition it holds φ∗o ≤ φ∗r . Thus, h(k)h(k)T

constitutes an optimal solution for the original problem.
Consequently, we have shown that if conditions C1, C2

hold, then the solution of the relaxed problem can be written
as a convex combination of rank-one matrices that constitute
equivalent optimal solutions for the original problem. This
concludes the proof. �

APPENDIX E. PROOF OF LEMMA 2

By taking into account Eqs. (4), (41), (45), (49), we can
see that for every correlation matrix R, the maximum of
the objective function under the relaxed constraints has the
following theoretical bound:

φ∗r ≤ φ∗(R) =

M∑
i=1

M∑
j=1
j 6=i

γiγjr
max
ij . (107)

As it is also obvious from (49), φ∗r reaches its theoretical
bound if and only if every off-diagonal block of H is non-zero
only along its κmax

ij -th diagonal and (45) holds with equality.
In other words, if φ∗r = φ∗(R), then the optimal solution
of the relaxed problem satisfies always conditions C1, C2, or
equivalently, φ∗r = φ∗(R) constitutes a sufficient condition for
the equivalence between the solutions of the relaxed and the
original problem. Thus, in order to prove Lemma 2, it suffices
to show that if the signals of the dataset can become jointly
optimally aligned, then a solution that ensures φ∗r = φ∗(R)
can always be found.

To this end, let us assume that the time-delays τ∗1 , . . . , τ
∗
M

satisfy (5). Then, by using Eq. (99) and by selecting pi = τ∗i
in (97), for any valid K (please, see statement 4 in the proof
of Lemma 1) and for any set of coefficients αk that satisfy
Eq. (88), we obtain an optimal solution H. This is because
in this case, we have 〈RijHij〉 = γiγjr

max
ij , which leads to

trace(RH) = φ∗(R). Thus, H is an optimal solution that
ensures φ∗r = φ∗(R). This concludes the proof. �
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